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ABSTRACT: Carbon nanotube sheets or films, also known as “buckypaper”, have been proposed for use 
in actuating, structural and filtration systems, based in part on their unique and robust mechanical 
properties. Computational modelling of such a fibrous nanostructure is hindered by both the random 
arrangement of the constituent elements, as well as the time and length scales accessible to atomistic-
level molecular dynamics modelling. Here we present a novel in silico assembly procedure based on a 
coarse-grain model of carbon nanotubes, used here to attain a representative mesoscopic buckypaper 
model that circumvents a need for probabilistic approaches. By variation in assembly parameters, 
including the initial nanotube density and ratio of nanotube type (single- and double-walled), the 
porosity of the resulting buckypaper can be varied threefold, from approximately 0.3 to 0.9. Further, 
through simulation of nanoindentation, the Young’s modulus is shown to be tunable through 
manipulation of nanotube type and density over a range of approximately 0.2 to 3.1 GPa, in good 
agreement with experimental findings of the modulus of assembled carbon nanotube films. In addition 
to carbon nanotubes, the coarse-grain model and assembly process can be adapted for other fibrous 
nanostructures such as electrospun polymeric composites, high performance nonwoven ballistic 
materials, or fibrous protein aggregates, facilitating the development and characterization of novel 
nanomaterials and composites as well as the analysis of biological materials such as protein fiber films 
and bulk structures. 
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1. INTRODUCTION 
 
Carbon nanotubes (CNTs) and related materials are amongst the most widely studied nanomaterials, 
with many potential applications that take advantage of their unique mechanical, electrical, thermal, 
and optical properties [1]. The superior mechanical properties of carbon nanotubes are appealing for 
their potential use in novel nanomaterials. For instance, the Young’s modulus of a single-walled 
nanotube approaches a terapascal (1012 Pa) [2], implying that CNT is one of the strongest known 
synthesized materials in terms of both its elastic modulus and its ultimate tensile strength [3]. For over 
a decade, attempts have been made to utilize the high strength of individual CNTs in an efficient 
manner, and in particular at larger length-scales. 
Nanotube sheets, films, or membranes have been proposed for use in actuating, structural, filtration, 
and electrochemical systems, based in part on their unique and robust mechanical properties. In 
addition, the range of carbon nanotube properties as a function of type (single- or multi-walled) and 
size (total length, diameter) [4], chirality [5], and purity [6] allows control of composite nanotube 
behavior. For example, the use of relatively stiff (large diameter) and long multi-walled CNTs results 
in stiffer, more porous films [7], whereas the use of fine, smaller diameter, short tubes results in a 
dense tube network, suitable for use in polymer composites [8]. The choice of the types of CNT 
extends the potential design space, resulting in tunable material behavior derived from similar 
constituent components. However, fabricating macroscopic structures, which have controlled 
geometries, porosity and mechanical properties, is a promising yet challenging endeavor. 
Supplementary to empirical and synthesis efforts, computational approaches can provide a means to 
investigate potential carbon nanotube structures, indicating possible systems and configurations that 
warrant experimental and physical realization. 
 
The molecular level interactions of adjacent carbon nanotubes has been investigated using atomistic 
methods [9-13], but systems consisting of complex CNT components (such as arrays and films) 
become computationally expensive at the atomistic level for relatively long carbon nanotubes, or when 
multiple nanotubes are involved (as the computational cost is proportional to the number of atoms in 
the simulation). Furthermore, the particular type of intermolecular interactions between carbon 
nanotubes (weak dispersive interactions) and the nanoscale dimensions of this material in ranges from 
a few nanometers to hundreds of nanometers and micrometers require the development of coarse-grain 
mesoscale models beyond the capacity of traditional continuum and structural mechanics. Mesoscopic 
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“bead-spring” methods have been proven a viable approach to simulate arrays of CNTs [14-16] as well 
as graphene assemblies [17]. The intent of the model developed and applied here is to extend the time- 
and length-scales accessible to atomistic simulations to enable the simulation of large-scale multi-
nanotube structures. Additionally, the model reported here could potentially be parameterized to 
provide an efficient means to investigate the mechanical properties of similar fibrous systems at both 
meso- and micro-scales, such as fiber materials and nanoscale fabrics (Figure 1). 
 
The propensity of carbon nanotubes to adhere in bundles results in the formation of stable films via the 
deposition of suspended nanotubes in solution on a suitable substrate. The result is a self-entangled and 
agglomerated aggregate of nanotubes. The CNTs are randomly arranged into a non-woven fibrous 
structure resulting in a highly porous 3D network with large specific surface area. The term 
“buckypaper” (a portmanteau of buckminsterfullerene and paper) is used to describe such a mat of 
randomly entangled CNTs and is used hereafter to refer to such carbon nanotube films. The production 
of buckypaper is one of the simplest and most efficient means of processing carbon nanotubes at large 
scales; where synthesized carbon nanotubes are dispersed in an aqueous solution, the suspension is 
membrane filtered, and the result is a deposited uniform film. As such, it provides a promising 
framework for large-scale nanotube applications. Buckypaper is being investigated for multiple 
applications, including thermal and electrical conductive materials, catalysts, filtration and distillation 
membranes, and actuators, exploiting the intrinsic and robust properties of the constituent carbon 
nanotubes [8, 17-23]. Despite these numerous applications, there currently exists few models that 
provide an accurate account of the material properties from the bottom up, a key issue in tuning the 
properties of buckypaper for engineering applications.  
 
Here, we address this issue and focus on the bottom-up development of a mesoscopic fiber model, 
parameterized to represent carbon nanotube based buckypaper. We then proceed to apply our model to 
characterize the mechanical properties of buckypaper, specifically in terms of porosity and mechanical 
stiffness, illustrating potential control and tunability of each property based on nanostructural variation. 
The outline of this paper is as follows: In Section 2, the computation method to construct the 
mesoscopic buckypaper model will be described. Section 2.1 focuses on the employed coarse-grain 
nanotube nanotube representation, while Section 2.2 describe the assembly procedure to arrive at the 
buckypaper model configuration. Section 3 encompasses the nanomechanical characterization of the 
buckypaper, including porosity (Section 3.1) and contact stiffness and Young’s modulus through 
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nanoindentation (Section 3.2). The results and implications of the modeling results are concluded in 
Section 4. 
 
2. MESOSCALE REPRESENTATION AND MODEL ASSEMBLY 
 
The prevalence of intermolecular interactions and their complex geometry hinders a continuum 
representation of buckypaper, while the scale and number of nanotubes prevents efficient molecular 
modeling at the atomistic scale. Consequently, such material systems require multi-scale methods to 
model and investigate nanostructures and mechanical behavior at scales from nanometers to 
micrometers that fall precariously between atomistic and continuum techniques. Here, we utilize a 
coarse-grain mesoscopic representation of the constituent nanotubes and implement a novel in silico 
assembly procedure to arrive at a representation of deposited carbon nanotube films. 
 
2.1  Carbon Nanotube Coarse-Grain Representation 
 
For the carbon nanotubes, a “fine-trains-coarse” multi-scale approach is implemented to produce 
mesoscale model derived solely from atomistic calculations [14-16]. A series of full atomistic 
calculations of mechanical test cases (test suite) is implemented via classical molecular dynamics 
(MD) to derive a simplified set of parameters to describe the nanotube behavior. The full atomistic 
model utilizes a reactive force field (ReaxFF) [24, 25] potential for the behavior of nanotubes 
implemented via the massively paralyzed MD modeling code LAMMPS (http://lammps.sandia.gov/) 
[26]. The test suite consists of the following three loading cases: (i) tensile loading, to determine 
Young’s modulus; (ii) bending to determine the bending stiffness of CNTs; and (iii) an assembly of 
two CNTs to determine the adhesion energy. For a more detailed description of the atomistic 
simulations and results, the reader is referred to references [14] and [16]. Here we provide only a brief 
review of the multi-scale approach. Figure 2(a) depicts the molecular model of a (5,5) single-walled 
nanotube as an example. 
 
The method in deriving parameters for a mesoscale bead-type model of CNTs from the full atomistic 
calculation is based on a principle of energy conservation between full atomistic and coarse-grain 
potentials. The mesocale model is represented by a function of the total energy of the system expressed 
as 
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where ET is the energy stored in the chemical bonds due to axial stretching, EB is the energy due to 
bending, and Epairs is the energy due to weak interactions. The total energy contribution of each is 
calculated by a sum over all pair-wise (distance) and triple (angular) interactions in the system. The 
contributions are summarized as follows for brevity: 
 
i) Axial Stiffness: From the full atomistic results, the axial stretching behavior of carbon 
nanotubes is determined. We can calculate the effective Young’s modulus directly via force-
displacement results from the full atomistic simulation. Nonlinear behavior is neglected, as the 
coarse-grain simulations will be limited to small deformation conditions. The total bond energy 
of the coarse-grain system is given by the sum over all bonded interactions (Eq. (1)). For axial 
stretching a simple harmonic spring is used to determine the energy between all bonded pairs of 
particles in the system, given by:  
 
( )20tt 2
1)( rrkr −=φ ,         (2) 
 
with kt  as the spring constant relating distance, r,  between two particles relative to the 
equilibrium distance, r0. We assume each linear regime can be approximated using the 
equivalent elastic strain energy and utilize the determined Young’s modulus from full atomistic 
simulations to allow the formulation of strain energy and an equivalent kt. 
 
ii) Bending Stiffness: For the angle potential, EB, the bending stiffness and force-displacement 
behavior of each structure is required. A simple three-point bending test is simulated via full 
atomistic representation, with the macromolecule subjected to bending by a center point load. 
From the results, we can determine the bending stiffness of the molecule, which we label EI. 
The bending energy is given by a sum over all triples in the system (Eq. (1)). For bending a 
rotational harmonic spring potential is used to determine the energy between all triples of 
particles in the system: 
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with kθ as the spring constant relating bending angle, θ, between three particles relative to the 
equilibrium angle, θ0 = 180°. Again, using the equivalent elastic energy, we utilize the bending 
stiffness, EI, from full atomistic simulations to allow the formulation of elastic energy and an 
equivalent kθ. 
 
iii) Adhesion Energy: We next characterize weak interactions (van der Waals interactions) 
between all pairs of non-bonded coarse-grain elements, Epairs. The weak interactions represent 
the adhesion between adjacent macromolecules, thus a full atomistic simulation with two 
molecules is simulated to determine the adhesion energy. The energy barrier and equilibrium 
distance can be quickly determined by minimizing the atomistic system. Differences in energy 
minima can be used to extract potential energy gain of adhesion per unit length, while the 
geometric configuration at contact can be used to determine equilibrium distances. Here we 
assume a Lennard-Jones 12:6 function to represent adhesion, requiring the potential energy 
well depth and equilibrium distance: 
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where ε describes the energy well depth at equilibrium, and σ is the distance parameter. We 
assume that a pair-wise interaction between different particles is sufficient to describe the 
adhesion between the coarse-grain elements.  
 
The “fine-trains-coarse” approach eliminates the reliance on empirical parameter tuning. From 
atomistic simulations using scales of femtoseconds and Angstroms, a set of mesoscopic parameters 
was derived as outlined above. The resulting mesoscale model enables modeling of the dynamics of 
systems with hundreds of ultra long CNTs over time scales approaching microseconds, facilitating a 
bridge between atomistic theory and simulation of actual physical experiments. The mesoscopic model 
for carbon nanotubes can be defined by six parameters: kt; r0; kθ; θ0; σ, and; ε. The results from the 
above atomistic simulations are used to determine the parameters via equilibrium conditions (r0; θ0; σ) 
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and energy conservation (kt; kθ; ε). Figure 2(b) depicts the coarse-grain bead-spring model of the 
nanotube. The above “test suite” is applied both (5,5) single wall carbon nanotubes (SWCNTs) and  
(8,8)-(12,12) double-walled carbon nanotubes (DWCNTs) to allow the implementation of both 
SWCNT and DWCNT representations in the mesoscopic model. We note that the choice of these 
specific nanotube structures and chiralities is motivated by their successful use in previous 
investigations [14-16]. As buckypaper can potentially be fabricated with many possible synthesized 
CNT structures, it is considered appropriate to utilize the models the authors have previously 
developed. Moreover, the presented assembly procedure can easily be adapted to other geometries of 
CNTs and fibrous structures, and the current configuration can be considered a model system for future 
extended applications. All coarse-grain parameters are given in Table 1. Because of the use of a multi-
scale approach, the atomistic behavior and intramolecular interactions are maintained, thereby 
providing a necessary intermediate step reconciling the gap between atomistic and continuum theory.  
 
2.2  Buckypaper Assembly – In silico Deposition 
 
The randomness of fibrous networks as found for example in buckypaper is a challenge to modeling, 
as any such simulation requires the knowledge of the initial geometry. Different approaches to 
generate a representative structure have been proposed. Such methods include random beam networks 
as utilized in finite element analysis [27], random perturbations from a regular initial configuration 
[28], Boolean models parameterized with empirical morphological data [29], or the use of Delaunay 
triangulation to generate random fiber junction distributions [30]. For the application to buckypaper it 
is evidently desirable to create a representation of the material that is inherently stochastic. Here, we 
circumvent the generation of a “pseudo-random” network by developing an in silico assembly 
procedure that does not require a sophisticated probabilistic framework for structure formulation but 
rather relies on the direct simulation of the assembly process. 
 
To replicate an entangled network of carbon nanotubes, a simulated assembly procedure is motivated 
by the physical process of buckypaper production. The physical synthesis of buckypaper in situ can be 
summarized as follows: a purified admixture of CNTs is dispersed in a suitable solvent with the 
concentration and type of nanotubes being controlled variables. Once a well-dispersed solution is 
achieved, it is filtered through a porous medium, which captures the CNTs while allowing the solution 
to permeate (through vacuum filtration), creating a deposited film of entangled nanotubes, randomly 
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oriented yet predominately in plane with the film [7, 31]. The details of the purification and dispersion 
techniques are critical to the final buckypaper structure and properties.  
 
The simulated assembly as pursued here attempts to take advantage of such a deposition process. First, 
a “reservoir” of carbon nanotubes is generated, consisting of regular layers of aligned tubes in-plane. 
For the current investigation, twelve layers are generated, consisting of ten individual nanotubes (120 
nanotubes total), and the tubes are of constant length (50 nm). Each layer is rotated thirty degrees 
about a central axis, such that 12 layers represent a complete 360° period of initial tube orientation. A 
rotation of 30° is introduced to facilitate CNT entanglement and to approximate in-plane isotropy of 
the resulting buckypaper representation. It has been shown that the alignment and orientation of 
nanotubes constituting buckypaper can affect their thermal/electrical properties [18] as well as the 
mechanical behavior [32, 33] of the buckypaper system. However, such systems would not benefit 
from the assembly procedure developed here specifically for randomly entangled structures. It also 
behooves us to note that the current mesoscale model presumes “perfect” constituent nanotubes, that is, 
without impurities or defects (an issue that could be easily changed in future studies). The reservoir 
configuration is reflective of the pre-processing of the physical nanotube dispersion, and here 
variations could be introduced, including variation in nanotube length distribution, nanotube type 
(single-, double-, or multi-walled), defects, and alignment. 
 
The assembly procedure consists of a stepwise deposition of nanotube layers onto a substrate, 
representing the porous medium implemented in vacuum filtration. An NVT ensemble is used with a 
constant temperature of 300K, a small viscous damping force to simulate the frictional damping of 
solution (approximately 10 μN/m-s-1), and an integration timestep of 50 femtoseconds. A single layer 
is released from the reservoir, while the remaining layers are fixed. The free layer is allowed to 
equilibrate for 5,000 timesteps, then subject to a body force directed towards the substrate 
(representing the pressure due to vacuum filtration). The nanotube adhesion to a substrate is modeled 
by interaction with a Lennard-Jones (LJ) wall. The substrate is simply represented by an effective LJ 
9:3 potential at a designated xy-plane, where:  
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with σwall representing the effective minimum normal distance between the wall and a particles and εwall 
the strength of substrate interaction. The Lennard-Jones 9:3 interaction is derived by integrating over a 
half-lattice of Lennard-Jones 12:6 particles, effectively representing a homogeneous substrate of 
arbitrary thickness. Since it is not straightforward to directly link this strength of adsorption to 
experimental values, we choose parameters so as to mimic good “anchoring” properties to the planar 
surface. Test cases indicate that deviations in the selected parameters (εwall and σwall) have a limited 
affect on the assembled structures. We refer to the LJ wall as the “substrate” in the following 
discussion. Once a layer reaches the adhesion plane, the nanotubes are again allowed to equilibrate for 
50,000 timesteps (2.5 nanoseconds), after which the succeeding layer is released from the reservoir 
(See Figure 3 for a schematic of the assembly procedure).  
 
Reaching CNT entanglement is facilitated by the manipulation of coarse-grain parameters. During the 
assembly process, the variables for the bending stiffness (kθ) as well as tube interactions (ε) are 
reduced significantly. The purpose is twofold: The bending stiffness reduction essentially converts the 
rigid nanotube to a more flexible fiber by decreasing the intrinsic persistence length. The thermal 
energy of the mesoscopic system, combined with the flexibility of the tubes, results in the “mixing” of 
nanotubes, encouraging overlaps, misalignment, and disorder on the substrate within each deposited 
layer. The reduction in the Lennard-Jones parameter, ε, provides an upper limit to the intertube forces 
that typically result in nanotube adhesion and regular bundle formation. By decreasing this force, the 
tubes can subsequently “pass through” each other, due to the bead-spring representation, via a “stick-
slip” mechanism through the overlapping LJ pair interactions. Through manipulation of the inter-tube 
adhesion, subsequent deposited layers are ultimately entangled, as some segments of the nanotubes 
penetrate preceding deposited layers. Combined with the disarray within each layer due to the 
reduction in stiffness, the end result is randomly entangled agglomerate of carbon nanotubes.  It is 
noted that, by allowing individual tubes to “slip” through another, the deposition process is not meant 
to emulate the physical assembly procedure, but rather utilized as a means to attain a representative 
and entangled material nanostructure.     
 
The final step is to return the reduced parameters (kθ and ε) to the initial values (those given in Table 
1), as well as to remove the constraint of the substrate to result in a freestanding nanotube structure. 
The assembled nanotube structure is then subjected to system relaxation and equilibration 
(approximately 5 nanoseconds, or 100,000 timesteps). The final structure is then used as the initial 
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structure of mechanical testing and characterization, bypassing the need for assembly each simulation 
(See Figure 4(a) for a representative model). 
 
3. NANOMECHANICAL CHARACTERIZATION 
 
As stated, buckypaper and other CNT-based materials are promising due to the inherent mechanical 
strength and chemical stability of carbon nanotubes. Additionally, the intrinsic porosity and relatively 
high surface area of nanotube films stimulates the potential for filtration applications (where pores 
allow permeability) or in advanced composite materials (where pores and surface area facilitate 
interfacial bonding). Here we investigate the variability of both porosity and stiffness, which are 
critical parameters in prospective buckypaper applications, using the computational model described 
above.  
 
3.1  Porosity  
 
Due to the entangled aggregation process of assembly, nanotube films do not consist of well-defined 
pores of a single characteristic shape and size. However, control over the pore structure is a 
prerequisite for applications that exploit the high-porosity and mechanical strength inherent to 
buckypaper. Techniques to measure porosity empirically include SEM imaging, relative density 
measurements, and comparative perfusion rates (see [7] and the citations therein). Here the mesoscale 
model allows direct measurement of nanotube density within the buckypaper aggregate. We determine 
the porosity of the assembled buckypaper by considering a representative volumetric element (RVE) 
from the bulk of the model (Figure 4(b)), where the porosity is defined as: 
 
RVE
CNT
RVE
voids 1
V
V
V
V
−==Ω ,         (6) 
 
where VRVE is the volume of the RVE (constant) and VCNT  is the volume of the carbon nanotubes 
contained within the RVE. The total volume of the nanotubes is calculated by a summation of the total 
length and effective cross-section areas of the tubes. The effective cross-sectional area assumes an 
effective diameter by the addition of the carbon nanotube width (dCNT) plus the van der Waals spacing 
between adjacent tubes (dvdW; approximately 3.7 Å) (see Figure 5 for schematic).    
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The porosity of buckypaper in situ can be manipulated through multiple experimental techniques, 
including combinations of nanotubes of different diameters [7], controlled alignment of the nanotubes 
[18], variation in the length of constituent nanotubes [34], as well as the addition of polymers [35]. 
Here, we control the porosity via two methods. First, we exploit the initial carbon nanotube spacing in 
the reservoir to manipulate the density of deposited nanotubes. During the assembly process, the 
nanotube distribution of sequential layers remains constant, thus tightly packed nanotubes result in 
relatively low porosity, while larger spacing results in higher porosity. The entanglement of nanotubes 
prevents the formation of large aligned nanotube bundles. Second, we manipulate the content of 
DWCNTs. The addition of the larger diameter nanotubes results in a decrease in porosity.  
 
For buckypaper consisting of only SWCNTs, the initial spacing is varied during deposition from 10 Å 
to 100 Å, while the number of nanotubes and deposited layers remains constant. The same RVE is 
considered for each assembled buckypaper model, and the porosity is calculated as described by Eq. 
(6). The variation in porosity ranges from approximately 0.47 to 0.90 (See Figure 6). A summary of 
results is found in Table 2(a). We note that an initial spacing of 10 Å is relatively dense, as the tubes 
are approximately at equilibrium spacing, thus the porosity value of 0.47 represents a lower-bound for 
the current type of SWCNT used in the making of the buckypaper material. For initial spacings of 50 
to 100 Å, the porosity falls within a range of 0.77 to 0.90. Such values are in agreement with 
experimental data, where measurements made on fabricated buckypaper indicate porosities on the 
order of approximately 0.80 to 0.90 [7, 23, 36]. The introduction of DWCNTs provides additional 
control of attained porosity, with the larger diameter tubes resulting in relatively smaller voids. 
DWCNT content by weight is varied from 0% to 50%, from an initial spacing of 10 Å for comparison 
(Figure 6). After relaxation and equilibration, the resulting porosities range from 0.28 to 0.47 (See 
Table 2(b)). Physically, the initial nanotube spacing and DWCNT content in the reservoir is reflective 
of the pre-processing of the carbon nanotube dispersion, and current model parameters can be tuned to 
attain experimental results as required, and also provide a reciprocal means to predict porosity from 
experimental conditions. 
 
The relatively high and variable porosity of fabricated buckypaper naturally leads to potential 
applications as tunable permeable films, including membrane distillation [23], biogas purification [37], 
and antimicrobial filtration of bacteria and viruses (such as E. coli) [22, 38, 39]. We note that the range 
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of attainable pore sizes and relatively simple fabrication in combination with the mechanical and 
thermal stability of carbon nanotubes motivates the development of such “buckypaper filters”.  
 
3.2  Computational Nanoindentation 
 
Nanoindentation tests are one of the most commonly applied means of physically testing the 
mechanical properties of small volumes of materials. Such tests result in the direct determination of 
material parameters such as material hardness and modulus of elasticity. The indentation process itself 
is simple; where an indenter tip is pressed into the material and the force-penetration relationship is 
recorded. The relatively straightforward procedure can be replicated via simulation. The simulation of 
a nanoindentation at the mesoscale level is beneficial for a multitude of reasons. Primarily, such 
investigations can be linked to actual physical experiments (see [40] for an example of buckypaper 
nanoindentation), providing a critical connection between empirical results and theoretical basis. 
Further, the simulation technique can be used as parametric study to investigate the behavior of a 
material efficiently prior to physical empirical verification. 
 
The mesocopic simulation of nanoindentation does not require the presence of a physical indenter (e.g. 
a collection of atoms/beads is not required). Rather, the indentation experiment is simulated by the 
introduction an indenter force field within the simulation box. A harmonic spherical indenter is used, 
which exerts a force of magnitude: 
 
( ) ( )2RrKrF ii −= ,          (7) 
 
where K is the specified force constant, ri is the distance from the atom to the center of the indenter, R 
is the radius of the indenter. Both the force and position of the indenter tip are recorded during the 
simulation, resulting in the desired force-penetration relationship.                                              Figure 7 
shows a schematic of the indenter on the buckypaper. We use an indenter radius of 25 nm, a force 
constant approximately 10 N/m, and an indentation speed of 30 m/s. Due to the use of harmonic 
potentials in the formulation of the bead-spring representation of the nanotubes, indentation is not 
carried out until yielding, but rather to depth of only 2.0 nm, ensuring a small deformation regime. An 
analytical model for contact between a rigid indenter of defined shape can be used to model the contact 
stiffness [41]: 
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r
2 EAS
π
= ,          (8) 
 
where S is the contact stiffness (N/m),  A  is the contact area (m2), and  Er  is the reduced modulus 
(N/m2). The contact area is calculated using the portion of the surface area of the spherical indenter 
(with radius R) at the maximum penetration depth,  hmax, where: 
 
max2 RhA π= .          (9)   
The relationship assumes a homogenous isotropic elastic material, which is not the case for the current 
model. However, more sophisticated methods of determining the contact stiffness of buckypaper is 
considered superfluous to the current investigation and the above relationship is deemed a suitable 
approximation for small deformation. Combining the target sample and the indenter as a series of 
springs, the reduced modulus can also be represented by: 
 
sample
2
indentor
2
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As the indenter is not modeled as a physical material (i.e. it undergoes zero deformation), it is assumed 
that sampleindent EE >> . Further, if the Poisson’s ratio is small (see [42]), the above relationship is 
simplified to: 
 
   sampler
sampler
11 EE
EE
=→= .       (10b) 
 
Due to the heterogeneity of the surface of the buckypaper, each investigated configuration is subject to 
four nanoindentation simulations, where the location of indentation is perturbed about the center of the 
model (indentation axis randomly offset by∆  in both the x- and y-directions where ∈∆ [-20, 20] Å). 
Single simulated nanoindentation results can contain significant fluctuations in the force-indentation 
behavior due to local slipping of individual nanotubes subject to indentation force (see for example, 
Figure 8). For example, for the individual indentation results shown, the calculated contact stiffness 
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ranges from 17.1 N/m to 29.8 N/m, with a standard deviation of 6.1 N/m. To account for fluctuations, 
the average indentation force versus depth is calculated, and the contact stiffness is determined by 
fitting a linear regression to the average over a range of 0.5 nm to 1.5 nm penetration (see Figure 8 for 
representative results), from which the modulus is calculated by Eq. (8) through Eq. (10). 
 
Eight distinct configurations, through manipulation of initial spacing and DWCNT content, are 
investigated, resulting in a modulus ranging from 0.22 GPa for SWCNT with a relatively high porosity 
to 3.14 GPa for high DWCNT content with relatively low porosity. Figure 9 depicts the average 
indentation force versus depth for SWCNT only configurations of representative porosities 0.473, 
0.771, and 0.902 while Figure 10 depicts the results for DWCNT contents of 0%, 16%, and 50% 
(porosities of 0.473, 0.427, and 0.283, respectively). The results of all nanoindentation simulations are 
summarized in Table 3. To investigate the possible effect of layer orientation angle, as a case study, we 
prepared a 10-layer model with 45° rotation between nanotube layers. The 10-layer model was still 
thick enough to allow the same RVE selection. We implement an all (5,5) SWCNT configuration, with 
initial spacing of 10 Å. After assembly, again both porosity and indentation characterization are carried 
out. The porosity is determined to be ≈0.71, which is a substantial increase from Ω = 0.473 obtained 
using 30° orientations under the same assembly conditions. Subsequent indentation characterization 
result in a contact stiffness of 20.6 N/m and a modulus of 1.2 GPa. This result agrees quantitatively 
with the general trend of modulus versus porosity given in Figure 11. Although mechanical responses 
may change significantly with manipulation of orientation (i.e. highly aligned structures), limited 
changes in layer assembly rotations have resulted in similar system behavior.  
 
We consider the change in modulus for both cases - variation in porosity due to initial nanotube 
density (SWCNT spacing) and variation in DWCNT content – as a direct comparison of the change in 
modulus between is inappropriate. For both sets of results, the modulus changes approximately linearly 
with respect to porosity (see Figure 11). In the first case (SWCNT only), the change can be attributed 
to the amount of material in contact with the indenter, as an increase in porosity results in less 
nanotubes to provide resistance. For the second case (SWCNT plus DWCNT), an increase in porosity 
is not due to an increase in nanotubes, but rather due to an increase in larger diameter (and innately 
stiffer) DWCNTs, thus causing an increase in modulus at a significantly greater rate. By manipulating 
the DWCNT content and initial nanotube density, the modulus can effectively be “tuned” within the 
range of the results shown.  
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The resulting range of moduli is around the same order of magnitude as reported experimentally for 
“pristine” single-walled nanotube sheets of approximately 1.1 GPa to 4 GPa [27, 43] (depending on the 
method of synthesis). However, it behoves us to note that these reported moduli implement nanotubes 
with diameters and mechanical properties that differ from the present model.  The illustrated range of 
attainable moduli and stiffness introduces a promising design parameter for similar fiber- or nanotube-
based materials [44]. The inherent porosity of buckypaper could provide a unique scaffold for the 
synthesis of advanced polymer-nanotube composites (see [8] for example) with “tunable” mechanical 
properties derived from the synthesis of the same constituent components.  
 
4. CONCLUSIONS 
 
We have shown here that variations in nanostructural and mechanical properties of entangled fibrous 
systems can be achieved during assembly with minimal effort through manipulation of both the 
nanotube type and the density. This finding is the most important result of the case studies put forth in 
this article, which illustrates the potential control of a material system, introducing assembly 
procedures resulting in tunable mechanical properties with designed intent. Other important 
contributions of this paper include the development of a novel, in silico assembly procedure to produce 
entangled fibrous nanostructures as well as an efficient means of predictive simulation to investigate 
system configurations and properties prior to physical synthesis. The approach developed here could 
be used for many other fibrous material systems, such as polymer based materials and protein 
materials.  
 
The specific types of intermolecular interactions between carbon nanotubes at the nanoscale, combined 
with the randomness of such fibrous networks at larger (meso)-scales necessitate new approaches to 
model such systems. Here we implemented a coarse-grain model to investigate aggregations of carbon 
nanotubes.. The entanglement and disorder of buckypaper complicates the formation of representative 
models, which typically implement probabilistic measures to obtain random fibrous structures. We 
provide an alternate procedure, motivated by the physical synthesis of buckypaper, whereby the 
nanotubes are assembled via in silico deposition. By careful manipulation of the model parameters, the 
deposition is driven by the intrinsic stochastic dynamics of the simulation, resulting in a representative 
structure of entangled nanotubes. Further, we showed that a range of porosity values can be obtained 
via manipulation of initial assembly conditions, indicating promising extension to other nanotube and 
fibrous systems beyond the scope of the current investigation. Relatively high levels of porosity, 
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combined with inherent mechanical strength and structural stability motivate potential for filtration, 
selective membrane, and chemical separation applications. 
 
In addition to computational investigations, mesoscopic models can also provide support to concurrent 
experimental investigations by extending the time- and length-scales of nanoscopic materials to 
physical regimes (e.g. systems of carbon nanotubes rather than individual tubes or small bundles). 
Indeed, the incentive for simulating physical investigative methods, such as nanoindentation, is 
twofold: (1) to supply validity to the representative model, by allowing a direct comparison of 
theoretical and empirical results, and (2) providing an efficient means of investigating multiple system 
parameters prior to physical realization. Here, through nanoindentation results, the determined 
Young’s modulus of the assembled buckypaper correlates well with values determined experimentally. 
Moreover, the resulting structural model can be easily manipulated to attain a desired modulus 
throughout the resulting range. Such modeling can be implemented to provide a predictive 
nanoengineering tool for designed buckypaper or other fibrous structures, while delineating the upper 
and lower bounds of achievable moduli or other mechanical properties, allowing tunable design 
parameters using the same universal material components. As demonstrated, the current mesoscopic 
model provides a predictive tool to investigate various mixtures of carbon nanotubes, and could 
potentially be extended to show the effect of nanotube-polymer composites [8], or chemical 
functionalization [45] through the implementation of additional or more complex coarse-grain 
potentials and interactions.  Further, similar models and assembly procedures could be exploited for 
other nano- and mesofiber aggregate systems including synthetic materials such as electrospun 
polymer composites [46-48] or biological materials such as amyloid protein films [49]. With coarse-
grain approaches, more complex microscale systems can be investigated, with a solid theoretical 
foundation in atomistic behavior and molecular mechanics, facilitating the development of novel 
nanoscale materials and applications. 
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TABLE(S) AND TABLE CAPTIONS 
 
 
Table 1 
 
Summary of mesoscopic parameters derived for (5,5) SWCNTs [14] and (8,8)-(12,12) DWCNTs [14, 16] 
 
Parameter Units (5,5)  SWCNT 
(8,8)-(12,12) 
DWCNT 
Equilibrium bead 
distance 0r  
Å 10 10 
Tensile stiffness, tk  kcal/mol/Å2 1000 3760 
Equilibrium angle, 
0θ  
degrees 180 180 
Bending 
stiffness, Bk  
kcal/mol/Å2 14,300 180,000 
Dispersive 
parameter, ε  kcal/mol 15.10 21.6 
Dispersive 
parameter, σ  Å 9.35 19.70 
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Table 2  
 
(a) Porosity due to variation of initial nanotube density (spacing); SWCNT only 
 
Initial Nanotube Spacing 
Å 
Porosity 
Ω 
10 0.473 
25 0.576 
50 0.771 
75 0.858 
100 0.902 
 
 (b) Porosity due to variation of DWCNT content (percentage by weight)  
 
DWCNT  
Content 
Porosity 
Ω 
0% 0.473 
16% 0.424 
30% 0.303 
50% 0.283 
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Table 3 
 
Summary of nanoindentation simulation results based on variations of the buckypaper porosity 
 
Porosity Contact Stiffness (N/m) 
Modulus 
(GPa) 
Variable SWCNT density 
0.902 3.8 0.22 
0.858 8.7 0.50 
0.771 9.2 0.53 
0.576 22.9 1.33 
0.473 24.4 1.41 
Variable DWCNT content 
0.473 24.4 1.41 
0.424 32.0 1.85 
0.303 33.5 2.74 
0.283 59.7 3.14 
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FIGURES AND FIGURE CAPTIONS 
 
 
 
 
Figure 1: Comparison between experiment and simulation. Synthesized examples of entangled fibrous systems including 
(a) buckypaper and (b) electrospun polymer fibers; (c) developed mesoscale model of entangled carbon nanotubes via in 
silico assembly procedure (colors added to accentuate individual tubes and layers).  [(a) from [7], open access reproduction 
permitted (doi:10.3390/ma3010127); (b) from [48], reproduced with permission from Biomaterials, copyright © 2005, 
Elsevier Ltd.). 
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Figure 2: Coarse-grain representation of carbon nanotube through “fine-trains-coarse” approach: (a) Full atomistic and 
corresponding (b) mesoscopic bead-spring model of a carbon nanotube. Parameters for tensile, bending, and pair potentials 
of (5,5) SWCNT and (8,8)-(12,12) DWCNT given in Table 1. 
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Figure 3: In silico assembly of buckypaper representation. (a) Schematic figures and (b) simulation snapshots of primary 
steps of buckypaper assembly procedure: (i) Nanotube layer released from reservoir (fixity removed) and equilibrated at 
constant temperature; (ii) deposition through applied body force to previously accumulated nanotube layers, reduction in 
pair wise interactions and bending stiffness facilitate entanglement and disorder; (iii) body force removed and new 
nanotube agglomeration equilibrated. The process is repeated for succeeding layers, after which the reduced parameters (kθ 
and ε) are increased to their full values. Coloring added to distinguish deposited layer (blue) to previously entangled 
structure (red). 
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Figure 4: Example buckypaper model and representative volumetric element (RVE).   (a) As assembled representative 
buckypaper model; twelve layers, consisting of ten individual nanotubes (120 nanotubes total) of constant length (50 nm). 
During assembly, each layer is rotated thirty degrees about a central axis, such that 12 layers represent a complete 360° 
period of initial tube orientation to maintain material isotropy. (b) Schematic of selected RVE of buckypaper model, 
consisting of a central interior region of 200 Å x 200 Å x 100 Å, used for porosity characterization. 
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Figure 5: Assumed cross-sectional area of nanotubes for porosity calculation, were the effective diameter (deff) considers 
the nanotube diameter (dCNT) plus the van der Waals spacing (dvdW). 
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Figure 6: Representative visualizations of RVE of buckypaper model with variation of porosity. (a) to (c) variation of 
porosity due to initial SWCNT density; (d) to (f) variation of porosity due to increase of DWCNT content (SWCNTs in red; 
DWCNTs in white).  
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Figure 7: Schematic of nanoindentation of buckypaper model. Indention parameters include an indenter radius of 20 nm, 
speed of 30 m/s, and a force constant (K) of 10 N/m (Eq. (7)). Indentation depth measured from initial contact point, and 
limited to 2.0 nm to permit small deformation assumption. Indentation force (nN) and indentation depth (nm) recorded for 
each simulation.  
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Figure 8: Representative nanoindentation force v. indentation depth results for model of all (5,5) SWCNTs, porosity 0.473. 
Results depicted for four separated indentation runs, with average shown as solid line and linear regression fitting shown as 
dashed line. Resulting contact stiffness of approximately 24.4 N/m, resulting in a Young’s modulus of approximately 1.41 
GPa (by Eq. (8) through Eq. (10)). Table 3 summarizes results for all buckypaper configurations.  
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Figure 9: Average nanoindentation force versus depth for SWCNT only configurations of representative porosities 0.473, 
0.771, and 0.902 (intermediate results omitted for clarity). Results correspond to Young’s modulii of 1.41 GPa, 0.53 GPa, 
and 0.22 GPa respectively (Eq. (8) through (10)). Average of four indentation simulations calculated, with linear regression 
taken from indentation depth of 0.5 to 1.5 nm.  
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Figure 10: Average nanoindentation force versus depth for SWCNT + DWCNT configurations of representative DWCNT 
content 50%, 16%, and 0% by weight (intermediate results omitted for clarity). Results correspond to Young’s moduli of 
3.14 GPa, 1.85 GPa, and 1.41 GPa respectively (Eq. (8) through (10)). Noted that 0% DWCNT content is the same model 
configuration as 0.473 porosity as depicted in Figure 10. Average of four indentation simulations calculated, with linear 
regression taken from indentation depth of 0.5 to 1.5 nm.  
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Figure 11: Trends in modulus variation as a function in porosity for model configurations of SWCNT (red squares) and 
SWCNT + DWCNT configurations (blue crosses). Decrease in modulus attributed less constituent nanotubes for SWCNT 
only models, while increase in modulus attributed to increase in larger diameter, stiffer elements in SWCNT + DWCNT 
models.  
 
 
 
